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Abstract

Minkowski sums provide a certain way of adding polytopes together and producing a new polytope.
In this paper, we give an introduction to convex polytopes and address the question of decomposing
polygons and polytopes into Minkowski summands. That is, given a polytope, how can we write it as a
Minkowski sum of other polytopes?

We prove a theorem that allows us to use edge sets of polygons to calculate their Minkowski sum.
Using this theorem, we show some other nice facts and provide an algorithm for finding Minkowski
decompositions. We examine the set of all such decompositions of a given polygon, and show that it is
itself a convex polytope.

Provided with this paper is a Mathematica notebook that allows the user to examine and experiment
with Minkowski sums. It is a nice way to get an intuition for the background and theorems in this paper,
as well as supplying empirical evidence for the conjectures introduced towards the end of the paper.

Keywords: Minkowski Vector Sum Summand, Decomposition Polytope, Decomposable Indecomposable
Reducible Irreducible, Convexr Polygon Polytope Hull Combination, RMS DePo, Sliced Edge Set Edgeset
FEdge-Set, Stamping Algorithm, Mathematica Notebook Program Package Algorithm, Weight-Vector Edge-
Vector Edge-Summand Weight Matriz
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1 Introduction

Whenever there is a means of combining mathematical objects, there arises the questions of reversing the
process. That is, given the result, could we have found the objects were combined to produce it? Is the
decomposition unique? If not, what can we say about the set of all decompositions of a given object?

Minkowski summation provides a very salient means of combining a set of polytopes and producing a
new polytope. One would like to be able to take any given a polytope and find all ways to express it as the
Minkowski sum of other polytope. This process is particularly intriguing, since it turns out that the set of all
such decompositions of a polygon is itself a polytope. We hope to provide the reader with the background
necessary to understand and work with this “decomposition polytope” and appreciate its intricacies.

The problem of decomposing polytopes was first addressed by Gale in 1954 in [Gal54] . He stated,
without proof, some basic properties of what he called “irreducible polytopes”. Grunbaum later formalized
the language and basic results in his definitive treatment of convex sets in [Gru67]. Meyer proved more
advanced results about Minkowski sums in [Mey74] and provided a more precise understanding of when
one polytope is in the decomposition of another. In this paper, we focus our attention on the set of all
decompositions of a given polytope.

Section 1 introduces the paper and gives a high level summary of the content. Section 2 gives a thorough
introduction to convex polytopes, including basic terminology and fundamental theorems of the field. Sec-
tion 3 introduces a theorem describing the relation between faces of a polytope and faces of its Minkowski
summands. Section 4 introduces a very useful theorem for manipulating polygons, which gives a direct
relation between the edge sets of a polygon and the edge sets of its Minkowski summands. Section 5 uses
the tools introduced in previous section to prove an algorithm for finding a Minkowski decomposition of any
polygon. Section 6 identified the indecomposable polygons. Section 7 correlates symmetries within a set
of polygons to symmetries of their Minkowski sum. Section 8 discusses and identified the finite aspects of
Minkowski sum decompositions of polygons. Section 9 concludes the paper and discusses directions of future
work. Section 12 is a supplemental section with related, but not directly relevant, results. We gives tight
bounds for the number of lattice points in a polytope as a function of the lattice points of its summands.

Another important part of this paper is the accompanying Mathematica notebook. This set of tools
allows users to examine and experiment with Minkowski sums in order and get a better intuition for how
they behave. It allows the user to efficiently perform Minkowski sums, as well as generating the decomposition
polytope of any polygon. It is a nice way to get an intuition for the background and theorems in this paper,
and generate additional examples where needed. Section 10 introduces some background in time complexity,
and Section 11 describes the use of this tool, as well as proving its correctness and efficiency.

2 Background in Convex Polytopes

This section provides an overview of and introduction to convex polytopes, Minkowski sums, and related
terminology and lemmas.

Subsection 2.1 introduces the formal definition of a convex poplytope and proves some fundamental
properties such as their convexity. Subsection 2.2 introduces the notion of a Minkowski sum, and provides
some simple examples. Subsection 2.3 contains an algorithm for generating Minkowski sums without using
the formal theorem. That algorithm is crucial to getting an intuition for Minkowski sums, since it allows us
to quickly and accurately produce examples. Subsection 2.5 introduces the notion of decomposing a polytope
into Minkowski summands. Subsection 2.6 gives us a thorough understanding of what a face is, in terms of
supporting hyperplanes. Subsection 2.7 presents the idea of the edge set of a polygon, which will be linked
to Minkowski summation later on in Section 4.

2.1 Convex Polytopes

Here we describe and define the notion of a convex polytope using the convex hull definition. There are
other, equivalent, definitions of polytopes but we will not have need for them.
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Figure 1: Here are two simple examples of taking the convex hull of a set of point.
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Figure 2: A less trivial example of a convex hull of points in R2.
Definition 2.1 The convex hull of a set of vectors V.= {vy,...,vx} in R™ is given by

k k
conv(V) ={x € R" | 3\,..., A € R>¢ for which z = Z)\ivi and Z)\i =1}

i=1 i=1

where R>q denotes the non-negative real numbers. Each element of conv(V') is called a convex combination
of V. [Ewa96, Gru67]

That is, the convex hull of V' is the set of all convex combinations of V. Illustrations of some sample convex
hulls can be found in Figures 1 and 2.

Definition 2.2 P is a convex polytope if and only if there exist vectors V. = wvi,...,v; such that P =
conv(V). [Fwa96]

Example 2.1 To get some intuition for what convex hulls look like, consider the case where k = 2. That
is, we are taking the convex hull of just two points in R™.

conv({v1,v2}) = {z € R" | I\, A2 € Rxg for which x = A\jv1 + Aqvg and A\ + Ag = 1}
which is equivalent to saying
conv({vi,v2}) ={z € R" | = Avg + (1 — Mg forX inR with 0 < X <1}

which is simply the parametric definition of a line segment with endpoints at v1 and vo. That is, the convex
hull of two points is just a line segment with those endpoints.

Definition 2.3 A polygon is a polytope in R2.

That is, a polygon is the convex hull of a finite number of points in R2.

Remark: A polygon has the same number of edges as vertices, as long as it is not just a singe point. This

can be proven by by induction on the number of vertices, but is unenlightening and not necessary to this
nanaer



Example 2.2 Triangles, quadrilaterals, and line segments are all polygons. Figures 1 and 2 show some
polygons presented as convex hulls.

We will now prove a lemma which is implied by the choice of terminology; convex hulls are convex.
This result follows rather easily from the definitions of convexity and convex hull, but takes quite of bit of
writing to work out rigorously. Careful proofs of fundamental properties of polytopes are vital to a solid
understanding of later results.

Definition 2.4 A set S C R" is convex if and only only if for any two points x,y € S, the line segment Ty
is contained in S. [Str89]

Lemma 2.1 The convex hull of a set of points is convez.

Proof:
Let x and y be points in a the set P C R", such that

P = conv(vy,va, ..., Uk)
r = a1V + agva + ...+ apvg
y = biv1 + bovo + ... + brvg

such that
ai, b € Ryg, for1<i<k

Zfi:l a; =1
25:1 bi=1
Now consider the line segment [ which connects = and y.
I = conv(z,y)
Any point z on [ can be described by the equation
z=Ax+(1=MNy
for 0 < A < 1. We can rewrite that equation by substituting in our previous definitions of x and y.

zZ= )\(aﬂ)l + agvo + ... + akvk)
+(1 = N)(brvy + bova + ... + brv)

Examining the coefficients, we find that

/\a1+)\a2+...—|—)\ak+(1—)\)bl+(1—)\)b2+...+(1—)\)bk
:A(al+a2+...+ak)+(1—>\)(b1+b2+...+bk)
=AML+ 1 =M1
=1

which means that z is in the convex hull of vy,...,vg, which is just P. Since z € P for any zon l, | C P
and P is convex.

Remark: Under our definitions, all polytopes are convex polytopes. We will often repeat the fact that our
polytopes are convex for the sake of clarity, but in this paper all polytopes and polygons are convex unless
explicity stated otherwise.

Remark: As we observed earlier, the convex hull of a pair of points is a line segment. For our purposes, we
will think of line segments as degenerate rectangles. That is, they are rectangles with zero width but which
still have 2 edges. This representation is shown in Figure 3, and will become important in Section 2.7 when

wo falle abhoiit edoe cote For now we will continiie with the hackoroiind
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convex hull of two points. degenerate rectangle.

Figure 3: A line segment can be seen as a degenerate rectangle.

2.2 Minkowski Sums

Now we will describe a means by which we can “add” together two polytopes. That is, how we can take
two polytopes and produce a third that behaves in a way that we would intuitively expect a sum to behave
(commutativity, associativity, etc.). This notion of being able to add together subsets of R™ builds the
foundation upon which the rest of the paper is based.

Definition 2.5 For any two sets P,Q C R", the Minkowski Sum of P and Q) is defined to be
P+Q={p+qlpePqecl}
[Gru67]
Minkowski summation is sometimes called vector summation in older texts.
Lemma 2.2 For any two subsets of R™, V.= {v1,...,vx} and U = {u1,...,um},
conv(V) + conv(U) = conv(U + V)
That is,

Proof:
Let P,@Q C R™ be polytopes defined by P = conv(V) and Q = conv(U) for some sets V = {vy,..., v}
and U = {uq,...,un}. We can write the sum as
P+Q={p+q|pePqeq}

For some scalar coefficients aq,...,ax € R and by,...,b; € R, we then have

conv(V) + conv(U) {a+b ] acconvV,be conv(U)}

{(a1v1 + ... + axv) + (brur + ... + bgum)}

{(a1v1 + ... + arvr + brus + ... + bgum,)}

{0 o (8 + ) (v + )}

={z |z e conv({(vi+u;) for0<i<kand0<j<m})}
={z |z € conv(V+U)}

And so we see that the set of all convex polytopes is closed under Minkowski summation. That is, the

Minkawealrsi @111 of +vwo holvionee e itealf a nolvione



Example 2.3 If Q is any polytope and P is a single point polytope, then P + Q is a just a translation of
Q by the vector P. Performing the Minkowski sum in this case means adding the only point in P to each
element of Q, hence shifting each point in Q by the vector equivalent of P. The shape of QQ remains the
same.

Remark: In this thesis, we work with the shape of the polytopes, not their position in space. Since any
translation can be written as a Minkowski sum with a single point polytope, we will ignore translations of
polytopes unless otherwise stated. When we refer to a polygon P, we are really referring to an arbitrary
translation of P.

Example 2.4 Let P be any polytope, and let Q be a line segment. To visualize the Minkowski sum P + Q,
recall that adding P to any one of the points in Q is just a translation of P. Thus adding P to each of the
points in Q will place multiple (overlapping) translated copies of P.

Lemma 2.3 For any two convex polytopes P and @,

P+Q=J®P+q
q€Q

This lemma is nothing more than a rephrasing of the previous definition of the Minkowski sum, but it
will be useful to have in mind in Section 2.3 when we prove the Stamping Algorithm (Algorithm 2.1).

We will now prove some other nice facts about Minkowski sums, and show that they fit our intuition for
how addition “should” behave.

Lemma 2.4 Minkowski summation is associative. That is, for any polytopes P, Q, and R, we have

(P+Q)+R=P+(Q+R)

Proof:
This lemma follows directly (and almost trivially) from Definition 2.5 and the associativity of “+” over
R.

(P+Q)+R =P+{q+r|qeQ,rcR}
={p+(@+r)|pePqeQ,reR}
={p+ta+r|pePqeQ,recR}
={p+qlpePqeQ}+R
=P+ (Q+R)

Lemma 2.5 Minkowski summation is commutative. That is, for any polytopes P, Q, and R, we have

P+Q=Q+P

Proof:
This lemma follows easily from Definition 2.5 and the commutativity of “+” over R.
P+@Q ={p+tqlpePqeq}
={a+plpePqeQ}
=Q+P

Intuitively, both associativity and commutativity are inherited from addition over the reals.

Remark: It is impossible for any paper to discuss Minkowski sums without at least touching upon the
study of zonotopes.
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Figure 4: A demonstration of the stamping algorithm.

Definition 2.6 A zonotope is a Minkowski sum of line segments.

Example 2.5 A line segment is a trivial zonotope. A hexagon is a less trivial ezample, and can be seen in
Figure 13.

Zonotopes have many interesting properties and invariants, most of which are outside the scope of this
paper. However interested readers will find discussions of Zonotopes in almost any text on convex polytopes.
Some good starting points are the relevant sections of [Ewa96], [Zie95], [McM71], and [She74]. In the context
of this paper, zonotopes will just be useful examples and not any different from other polytopes.

2.3 The Stamping Algorithm

Here we provide a geometric algorithm for calculating the Minkowski sum of two polytopes. This algorithm
will be useful for quickly producing examples as well as providing an intuition for what is going on. It is a
rigorous expansion of the algorithm briefly sketched by Ziegler in [Zie95].

Algorithm 2.1 Given two convez polytopes P, Q, we can calculate the Minkowski sum P+ S as follows:
(1) Choose one of the polygons to be the template. Without loss of generality, choose P.
(2) The other polytope, @Q, will be the stamp.
(8) Choose a point to be the handle of the stamp. Note that this handle does not have to be on the stamp.

(4) Pick up the stamp by the handle, and place a copy of the stamp down for every possible placement of
the handle within the template.

If we choose the handle to be the origin, then the resulting set of points will be the exact Minkowski sum
P+ Q. If we choose any other point as a handle, then we will still get the same shaped result, but will differ
by a translation. In this thesis, we are concerned with shape (not translation), so we usually pick a handle
that is more convenient than the origin (such as a vertex of the stamp).

Example 2.6 A demonstration of the stamping algorithm is given in Figure 4. Figure 5 demonstrates that
reversing the choice of stamp and template does not change the result of the algorithm. Figures 6 and 7 show
a similar demonstration that the handle choice is irrelevant.

Remark: Since Minkowski summation is associative (Theorem 2.4), an algorithm which allows us to calcu-
late a 2-part sum will also let us calculate a sum with any number of summands.
Some examples will give intuition for the algorithm and for how Minkowski sums behave.

Example 2.7 Let P be an equilateral triangle and Q be a single point polygon. Their sum, P+ Q, is shown
in Figure 8.
This demonstrates how adding a single point to a polytope translates the polytope, but does not change its

shape. Since we are only concerned with shapes of polytopes in this thesis, we consider single-point additions
+n hane nn etffort at nll
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Figure 5: Choosing the stamp and template differently does not affect the outcome.
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P Q
, The outline Final Shape
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Figure 6: Choosing a different handle does not affect the outcome.
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Figure 7: Choosing a handle outside of the stamp is acceptable.
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Figure 8: Example of a Minkowski sum acting as a translation.
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Figure 9: Example of a Minkowski sum acting as a scaling.
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Figure 10: Example of a Minkowski sum.

P+Q

Example 2.8 Let P be an equilateral triangle, and Q be a copy of P. Their sum, P + @Q, is shown in
Figure 9.

This demonstrates how adding a polytope to itself produces a scaled version of that polytope. See
Lemma 2.7 for a proof of this fact.

Example 2.9 Let P be an equilateral triangle, and Q) be the same triangle but put up-side-down. Their sum,
P+ Q, is the regular hexagon shown in Figure 10. This example demonstrates that rotating the summands
greatly influences the resulting polytope. We explore some similar results in Section 7.

Example 2.10 Let P be an equilateral triangle, and Q be a vertical line segment. Their sum, P+ Q, is the
“house” shape shown in Figure 11.

Example 2.11 Let P be a right triangle, and @ be the same triangle but flipped about the y-axis. Their
sum, P+ @, is the “house” shape shown in Figure 12.

Notice that the Minkowski sums in Examples 2.10 and 2.11 are the same, even though the summands
are different. This phenomena of different set of polytopes summing to the same polytope is the motivation

P+O

Ficure 11: Example of a Minkowski sum.
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Figure 12: Example of a way to get the same Minkowski sum as in Example 11 but with different summands.

P+0O+R

Figure 13: A different set of polygons that sum to a hexagon. Since these summands are all line segments,
we know that regular hexagons are zonotopes.

for this paper. This non-uniqueness is such a vital result that we will show another example of it. We will
see this idea again in Section 2.5.

Example 2.12 Let P, Q, and R be non-parallel line segments in R2. Their sum, P+ @Q + R is a hezagon.
Furthermore, when properly chosen, they are exactly the same hexagon as the one pictured in Figure 10, as
can be seen in Figure 13.

Now that we have gained some intuition for the stamping algorithm, we turn to a formal proof of its
correctly.

Theorem 2.1 The stamping algorithm applied to two polytopes P and @ produces their sum, P + Q.

Proof: Recall Lemma 2.3, which states that

P+Q=J(P+a
q€eQ

The stamping algorithm exactly performs the union described in that Lemma. In this interpretation, P is
the stamp and @ as the template. Assume we choose 0, the origin, to be the handle of P. This will get us
that P+ ¢ equals the image of P when the handle is placed at q. Each term of the union, P + ¢, corresponds
to the act of creating an image of P with the handle of P placed at ¢q. Performing the union on those terms
corresponds to taking the union of all the images.

Choosing an arbitrary handle, h € R”, is equivalent to adding the point i to P + ). Doing so is just a
translation and thus can be ignored. Thus we can choose any handle we want, and the stamping algorithm
will still generate a result with the same shape and size as the true Minkowski sum.

Remark: Recall from Lemma 2.2 that conv(U + V) = conv(U) + conv(V). Thus, if we choose a vertex as
a handle, we can just stamp the handle onto each vertex of the template and take the convex hull of the

result. This method is reflected in the examples of this section, and its running time complexity is analyzed
N Qaction 11 5



2.4 Scaled Multiples of Polytopes

In this section we present the notion of a scaled polytope and verify some elementary notions about them.
That is, we will specify what we really mean when we write something like “2P for a polytope P”. We
verify that the notationally obvious statement “P + P = 2P” really is true under our particular meaning of
“+”7 and “2P”. Some readers may wish to simply accept that statement as true and move on to the more
important sections of the paper.

Definition 2.7 For any polytope P C R™, we can talk about scaled multiples of P, written kP, for any
scalar k € R. Quite simply,
kP ={kp|pe P}

[Gru67]

Example 2.13 For k = 0, the scaled polytope kP is a single point polytope (the origin, 6) independent of
P.

Lemma 2.6 Scaled multiples of polytopes are themselves polytopes, as the name suggests.

Proof:
Let P be a polytope. By definition, P = conv(V') for some set of vectors V' = {vy,...,vr}. Thus we can
write 2P as
2P ={zeR"|z=2p,p=(a1v1 + ...+ apvy) € conv(V)}
={z eR" | 2 =2(a1v1 + ... + arvy)}
={z eR" |z =(a1v1 + ... +arvg) + (@1v1 + ... + agvg)}
={zeR"|z=p+pe P+ P}
={zeR"|2xz€ P+ P}
=P+ P

for some scalar coefficients aq,...,ar € R.

Remark: Once we have introduced scalar multiples of polytopes, we are obligated to find out if they behave
the way scalar multiples do in other domains. That is, is it true that P + P = 2P, as is the case for R and
R™?

Notation: By “2P”, we mean the dilation of P by a factor of 2. That is,
n p
2P ={peR"| §EP}
Lemma 2.7 If P C R" is a polytope, then P+ P = 2P.
Proof:

We will prove that 2P = P + P by showing that both 2P C P+ P and P + P C 2P hold.
Consider a arbitrary point z € P. By definition

r+rxeP+P
2 e P+ P

and thus 2P C P 4+ P. Now consider a point
r+ye P+ P

for z,y € P. Let s be the line segment
s = conv(z,y) € P
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Figure 14: An illustration that P + P = 2P.

Since P is convex, s C P and midpoint of s is contained in P.

r+y

P
B €

from which it follows that
sty vty pyp

x4
25E e P

r+ye P+ P
and thus P+ P C 2P.

Example 2.14 An illustration of Lemma 2.7 can be found in Figure 14.

Remark: Since Minkowski summation is associative (as we saw in Lemma 2.4), Lemma 2.7 implies the
more general result that Zle P =kP.

2.5 Decompositions of Polytopes

Definition 2.8 A decomposition of a convex polytope P is a a set of convex polytopes S = {s1,...,s,} such
that Zle = P. The act of decomposing a polytope refers to finding all such sets which sum to P.

Remark: The sums shown in Examples 11 and 12 and in Examples 10 and 13 demonstrate that Minkowski
sum decompositions are not always unique.

Definition 2.9 A polytope P is indecomposable if and only if, for any decomposition P = @Q + R, the
polytopes QQ and R are always either scaled versions of P or single points.

Remark: In Section 6, we prove that the indecomposable polygons are triangles, line segments, and single
points. In Section 5 we provide an algorithm for finding a decomposition of any polygon into triangles and
line segments.

2.6 Hyperplanes, Supporting Hyperplanes, and Faces

In this subsection we present the formal definition of a hyperplane in R™ and the closely related notion of a

face of a polytope. They are all standard definitions and equivalent ones can be found in almost any text
abniit linear alocebhra or convey Halvitonea



Definition 2.10 A hyperplane in R™, H, is a subset of R™ such that
H={zeR" <z,u>=a}

for some fized vector u € R™ and some fized value o € R™. Here, u is the normal vector of H, « is the
constant term of H, and < e, e > represents the standard dot product. [McM71]

This is just a plane in R? or a line in R2, but generalized to R™. A hyperplane provides us with a natural
way to divide up R" into two “halves”; one “above” H and the other “below” H.

Definition 2.11 A hyperplane H in R™ implicitly defines two half spaces of R™, called H and H™.

Ht={z eR" | <z,u>>a}

H ={zeR"|<z,u><a}

[McM71, Gru67]
Notice that the inequalities are not strict. For this paper, we will define both half spaces to include H,
since doing so will make later proofs and definitions cleaner.

Remark: We can now observe two elementary facts about half spaces

H*NH =H
HTUH- =R"

Definition 2.12 A hyperplane H is a said to be a supporting hyperplane of a polytope P in R™ if and only
if HNP # 0 and either P C H or P C H™. [McM71]

Without loss of generality, we will always assume that P lies in H+. We will refer to this simplification as
the positive support assumption.

Definition 2.13 For any convex polytope P, F C P is a face of P if and only if there is some supporting
hyperplane of P for which F = PN H. By convention, P and () are improper faces of P. [Ewa96, Zie95]

Intuitively, this notion of a face is simply a formal, generalized definition of what we normally think of as
“faces” of polytopes in R? and R3. A polygon’s vertices and edges are faces. A polyhedra’s vertices, edges,
and surfaces are all faces. The supporting hyperplane for any face is a hyperplane which has been pushed
up against that face as far as it can go.

Definition 2.14 The vertices of a polytope P are the zero dimensional faces of P. The edges of P are the
one dimensional faces of P.

Notation: The length of an edge E is denoted |E]|.

Example 2.15 Revisiting the running example of the “house polygon”, some sample supporting hyperplanes
and their corresponding faces are shown in Figure 15.

Remark: For any hyperplane H and any polytope P, there exist unique hyperplanes I and J parallel to
H such that I supports P with P C IT™ and J supports P with P C J~. That observation motivates the
following definition.

Definition 2.15 Let H be a hyperplane in R™ and F be a face of a polytope P C R™. We say that H
positively supports F up to translation if and only if there exists a vector x € R™ such that HNP+x = F+x
and P+x C H.

Remark: For any hyperplane H and any polytope P, both in R", H positively supports exactly one face
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Figure 15: Some examples of supporting hyperplanes of the “house polygon”.

edgeset(  )={ | . }

Figure 16: The edge set of a line segment contains two edges, since a line segment is treated as a degenerate
rectangle.

2.7 Edge Sets

Here we introduce some definitions to formalize the notion of the edges of a polygon. Notice that in this
section we are only working in R? and thus are dealing with polygons rather than general polytopes.

Definition 2.16 An edge-vector e of a polygon P is the vector parallel to some edge E of P with magnitude
|E|. The direction of e is always chosen so that it points counterclockwise around P.

The notion of notion of an edge-vector allows us to have the edges of P “Remember” their orientation
in P.

Remark: If a polygon P has two parallel edges of equal length, the corresponding edge-vectors are still
distinquishable by their direction.

Definition 2.17 Given a polygon P = conv(V) with V = {v1,...,vx}, the edge set of a polygon P is the set
of all the edge-vectors of P.

Notation: Let P be a polygon. The set of all edges of P is denoted edges(P). The set of all edge-vectors
of P is denoted edgeset(P).

Example 2.16 A single point polygon has an empty edge set.
Example 2.17 Recall that a polygon which is a line segment can be treated as a degenerate rectangle; its

edge set contains two edge-vectors which are the same line segment but opposite orientations. This example
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Figure 17: The edge set of the “house” polygon.

Example 2.18 A more complicated example is shown in Figure 17. The “house polygon” shown there is a
useful example which reappears throughout this paper.

Definition 2.18 Let S and T be sets of edge-vectors, which is allowed to have duplicate entries. We say
that S is a slice of T' if and only if for every s € S there exist t1,...,tx € T such that s = Zle t; under
Minkowsk:i summation.

Definition 2.19 A sliced edge set of a polygon P is any slice of the edge set of P.

Intuitively, a sliced edge set is the result of taking the edge set of P and breaking up any number of
the edge-vectors into smaller edge-vectors. These smaller edges-vectors retain the same orientation as the
original ones, and may be duplicated within the set.

Lemma 2.8 Any set of vectors V in R? which sum to 0= (0,0) correspond to a sliced edge set of some
convex polygon.

Proof:

We offer a constructive proof of the lemma. Place the elements of V' tail of each at the tip of the previous.
Since the vectors sum to zero, they form a closed shape.

Let E be the set of vectors {ey,...,e,} such that Zle e; = 0. Let them be indexed in order by their
angle up from standard position. Suppose the shape those vectors form, when taken as oriented edges, is
non-convex. It is elementary that there must then be some pair of vectors e;, e;41 such that the interior
angle between them is greater than 7 radians. That implies that the angle of e;;; is strictly less than the
angle of e;, which is a contradiction. Hence E defines a convex polygon.

Remark: Furthermore, by this construction we see that the polygon determined by V is unique up to
translation.
3 Minkowski Sums of Faces

In this section we prove a nice fact which will be useful in later proofs. It is perhaps more of a lemma, but
we give it full theorem status due to the length of its proof and value of the result. The proof is closely
related the corresponding (but less general) proof for zonotopes given by McMullen in [McMT71].

Theorem 3.1 Let P be a conver polytope with a decomposition

P=>"P



Let H be any hyperplane. Let F be the face of P positively supported by H up to translation. Let F; be the
face of P; positively supported by H up to translation.
Then

Proof:

Let H be the supporting hyperplane of F', meaning F' = HNP and P C HT. For 1 <i <k, let H; be
the hyperplane that supports F;. Notice that H and all H; are parallel.

By the definition of a hyperplane, we have

H={zeR" | <z,u>=a}
Hi:{$i€Rn|<fEi,U>:ﬂi}

for some fixed «, §; € R™ and some normal vector u. By the definition of a face, we have

F={zeP|<z,u>=a}
Fi:{$i€H|<xi,U>:ﬁi}

Since P C H* and P; C H;', we have

Ve P<z,u>2>a«
Vo, € Py, < xj,u> > 03;

In fact,
Vee P-F . <z,u>>a«q
Vo, € Pp— F;, < xj,u > >ﬁi

where the minus sign signifies set subtraction. We can now make the following sequence of deductions

k k
YimiBi = i <Yiu>

k
< 21:1 Yi, U >

= <yu>

which get us that

Now we are ready to prove that
E
F=>f
i=1

using the classing set theory proof of equality via mutual inclusion. This requires two steps, each of which
we will prove by contradiction.

Step I: First I will prove that F' C Zle fi by contradiction. If this were not the case, then there would
be some point z € F such that
k
z = Z z; € P
i=1

where at least one z; is not in f;. Without loss of generality, assume that z; is not in F;. Thus we know that

- oS — A S



and that for all other values of i,
< zi,u> 2> G

Consider: . .
Yo <ziu> = <zpu>4+y o <z,u>
k
> 7+ 21‘:2 Bi
k
> 22:1 Bz
> o

But if z = Zle < zj,u > > « then z is not in F, which is a contradiction. Thus F' C E?:l F;.

Step II: Now we will prove that F' D Zle F; by a similar contradiction. If this were not the case, then
there would be some collection of points z; € P; for 1 < ¢ < k such that

k
z:Zzi e PR
i=1

where z is not in F'. Consider:

k
o = Zi:Q/Bi
k
= Zi:1<zi7u>
k
= <Y iz,u>

= <z,u>

But that implies that z € F which is a contradiction. Thus F' D Zle F;.

Together with Step I, this implies that

thus concluding the proof.

3.1 Faces of Sums

We are now equipped to answer another salient question. Consider any set of polytopes Py, ..., P; and set
of points p1, ..., px such that p; € F; where F; is a face of P;. Does the point

k
p= sz'
i=1

lie on a face of the polytope

and if so, what face? We can answer that question by applying Theorem 3.

Lemma 3.1 If there exists a hyperplane H such that H positively supports each F; up to translation, then
p € F where F is the face of P positively supported by H.



4 Relating Minkowski Summation to Edge Sets

In this section, we consider the task of determining whether or not a given set of polygons S sum to a give
polygon P C R™. Note that once again we are restricting ourselves to R2, as this will allow us to prove some
more powerful results. If and how these results extend to higher dimensions is an open problem. Section 4.1
shows that we can identify equivalent polygons just by looking at their edge sets. Section 4.2 uses that result
and allow us to use edge sets to identify decompositions.

4.1 Edge Sets of Equivalent Polygons

Here we will prove a theorem that will enable us to identify equivalent polygons just by looking at their edge
sets. We will achieve that result by proving the equivalence of four properties of pairs of polygons. First,
however, we need some additional background.

Definition 4.1 Two convez polytopes, P and @, are identical up to translation if and only if P = Q + =
for some vector x.

Definition 4.2 The corners of a polytope P are the non-empty intersections of edges of P. The set of
corners of P is denoted corners(P).

Lemma 4.1 FEvery polytope the convex hull of its corners.
P = conv(corners(P))
Lemma 4.2 The vertices (zero dimensional faces) of a polytope P are exactly the corners of P.

I omit the proof, since this result is intuitive in R?, and since the full proof is long and unenlightening.
Interested readers can find a formal proof of this fact for general polytopes in [Zie95]. In fact, the vertices,
corners, extreme points, and exposed points of a polytope are all equivalent notions, and taking the convex
hull of any of them yields P. [Gru67]

Notation: For any set of objects S C R™ and any vector x € R™, we use S + x to denote the same set
translated by x.

Theorem 4.1 For any polygons P,Q € R2, the following four facts are equivalent.
(a) edgeset(P) = edgeset(Q)
(b) Jx € R? | edges(P) = edges(Q) + x
(c) 3z € R? | corners(P) = corners(Q) + z
(d) IreR? | P=Q+x

These are all equivalent ways of saying that P and @ are equivalent up to translation.

Proof: (a < b)
This connection follows directly from Definition 2.16, the definition of an edge-vector. The edge-vectors
of a polygon record the same information as the edges, except for translation (which is lost).

Proof: (a = b)
Recall from Lemma 2.8 that any set of vectors which sum to 0 determines form the edge set of some
polygon, which is uniquely determined up to translation.

Proof: (b < ¢)
The edges of P can be uniquely determined by walking around the corners of P in counterclockwise order

and reading off the convex hulls of consecutive corners. Clearly, any translation of the corners produces the
came tranclatinnh of the adooc



Proof: (b = ¢)

The corners of P can be uniquely determined by walking around the edges of P in counterclockwise order
and reading off their intersections. Clearly, any translation of the edges produces the same translation of
the corners.

Proof: (c < d)
The corners of a polytope P are contained in P. Translating P by x means that we are translating every
point in P by x, and thus we are also translating the corners by =x.

Proof: (c = d)

By Lemma 4.1, a polygon can be uniquely expressed as the convex hull of its corners. Let C' =
{C1,...,C;} be the set of corner of P, and let K = {Kj,...,k;} be the set of corners of (). By assuming
(c), we know that there is some x € R? such that K; = C; + z for any 0 < i < j.

By the definition of convex hull, any ¢ € @ can be written as ¢ = > .7, a;K; for a; > 0, Zle a; = 1.
Consider the following manipulations:

Q = Z{:l a; K;
=1 ai(C; +x)
= Zgzl(aiC’i + Clil‘)
=Y aCi+ Y a
= Zz:1 a;,C; +x
=P+z

Remark: The accompanying Mathematica program “conversion.nb”, which converts among different rep-
resentations of polygons, relies heavily upon these equivalences. The algorithms for doing so are discussed
in detail in Section 11.

Corollary 4.1 Two polygons P,Q C R™ are identical up to translation if and only if edgeset(P) =
edgeset(Q).

4.2 Edge Sets and Decompositions

Theorem 4.2 - Decomposition Theorem:
Let P C R? be a convex polygon, and let S = {Py, Ps,..., Py} C R? be a set of convex polygons. Let

Q= Zle P;. The edge set of S is some sliced edge set of P if and only if P = Q up to translation.

In Section 11, we make use of this result to produce an efficient algorithm for performing Minkowski
sums.

Algorithm 4.1 Given a set of edge-vectors V', we will construct a new set of edge vectors, V', as follows:
Group together all sets of edge-vectors in V with the same orientation. Replace each such group with a new
edge-vector which has the same orientation as the old ones and has length equal to the sum of their lengths.

Remark: Observe that if we perform Algorithm 4.1 on a sliced edge set of a polygon that we produce
the (non-sliced) edge set of that polygon. This follows directly from the definition of a sliced edge set,
Definition 2.19.

Proof: (=)
Let Es be some sliced edge set of P which is equal to edgeset(S). We need to show that P = Q.
Construct a new set of edges, A, by performing Algorithm 4.1 on Sg. Similarly construct B from
edgeset(S). Since Sp = U and since Algorithm 4.1 is deterministic, we know that A = B. Notice (from the

above remark) that A is the (non-sliced) edge set of P and B is the (non-sliced) edge set of Q). Since A = B,
Carallarv 4 1 +elle 11¢ that P — ()
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Figure 18: Some sliced edge set of P+Q is the union of the edge sets of P and Q.

Proof: (<)

Given P = Zle P;, we need to show that edgeset(S) is some sliced edge set of P. This is equivalent
to showing that performing Algorithm 4.1 on edgeset(S) produces edgeset(P). Since edges are faces, this
result follows directly from Theorem 3.1.

Example 4.1 Two demonstrations of this result, using our favorite “house” polygon, can be seen in Fig-
ures 19 and 18.

Definition 4.3 Two sets of polytopes S = Py,...,P; and T = Q1,...,Q: are equivalent under Minkowski
summation if and only if
s t
D P=2
i=1 i=1

Remark: In this manner, Minkowski summation provides equivalence classes for the set of all sets of
polytopes.

Corollary 4.2 Two sets of polygons S and T are equivalent under Minkowski summation if and only if
there exists a sliced edge set of S which is identical to some sliced edge set of T'.

5 Decomposition Algorithm

Using the theorems and techniques that we have developed in the preceeding sections, we will now examine
an algorithm for actually finding Minkowski sum decompositions of polygons. Note that we are not dealing
with general polygons, and are restricting ourselves to R2. We would like to be able to take any given polygon
and find a set of indecomposable polygons whose Minkowski sum is the given polygon. Ideally, we would
like to find all such sets of polygons, but we will see in Section 8 that there are some difficulties in doing
that. In this section we present and prove the correctness of an algorithm which finds one decomposition of
a polygon into triangles and line segments. Once we have this algorithm, we will be equipped to prove (in

Qaction R) +that +he indecomnnaeahle nalvonne are frianolee line cectmente and nointa
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Figure 19: The edge set of P+Q is the union of the edge sets of P and Q.

5.1 Description of the Algorithm

Here we present the algorithm in detail, but only give a high level justification for it. In Section 5.2, we give
a low level proof that the algorithm eventually halts and finds a correct decomposition into triangles and
line segments.

Algorithm 5.1 Given a polygon P C R™ that is not a single point, we will find a set S of triangles and line
segments such that the Minkowski sum of the elements of S equals P.

ZSZ':P

s, €S

We will do this through a recursive algorithm. Each time we run the algorithm on a polygon, it will
decompose the polygon into two polygons that sum to the original one. By calling the algorithm recursively
on both of the generated polygons, we can continue to break it down until we are left with only line
segments and polygons. Proving that the algorithm is correct (that it always terminates and returns a valid
decomposition) is left to Section 5.2.

Remark: In the description of the algorithm below, P refers to the polygon we are given to decompose,
and p is the polygon that has most recently been handed to the algorithm.

Preprocessing:

Before running the recursive portion of the algorithm, we need to perform some preprocessing. In doing
so, we will remove parallel edges from P, which is important to the correctness of the recursive algorithm.
The edges we remove will show up as summands in the final result.

First identify all pairs of parallel edges - a procedure that will take time proportional to the number of
edges of P. For each pair of parallel edges, identify the shorter one, eg. Shorten the length of each of those
edges by |eg|, the length of eg. Call this new polygon P’. Add eg to the set of summands. If both of the
parallel edges are the same length, then reduce both of their edges to zero, but still only add one of them to
the set of summands.

Once the nrenroceccine ie comnlete call +he bealow aloorithm on P



Remark: Notice that for zonotopes, preprocessing will entirely decompose the polygon. After removing
parallel edges, P will have been reduced to a single point plus some set of line segments. This is not a problem,
since the first step of the recursive algorithm will catch that we are done and terminate the procedure.

Recursive Algorithm:
Given a polygon p C R™, do the following:

(1) If p is a triangle, line segment, or a single point then stop. Add that polygon to the set of summands.

(2) Choose an “expanding edge” e of p. That is, one such that the two vertices adjacent to e have angles
that sum to more than 7 radians (180 degrees). Let |e| represent the length of e.

(3) Let H be the supporting hyperplane of e. Since we are working in R™, H will be the line that intersects
p at e.

(4) Let H' be a line parallel, but not identical, to H such that the length of H' Np is |e|]. Without loss of
generality, we will assume that H' C H™.

(5) The hyperplane H' intersects the edge set of P in two places. If we slice edgeset(P) at those two places
(if necessary), then we see that H' partitions that sliced edge set of P into two sets of edge-vectors, s1
and so. Let s1 be the partition containing e.

(6) Let p; be the polygon defined by the edge set so U {e}. And let po be the polygon defined by the edge
set s1 {e}. We claim that p; + ps = p.

(7) Run this procedure recursively on p; and py. The algorithm will terminate after a finite number of
steps, and will produce a valid Minkowski decomposition of P.

Figures 21 through 27 show Algorithm 5.1 at each of the 8 steps as it applied to two different polygons.
The two running examples are shown together, but are not actually related in any way.

5.2 Correctness of the Algorithm

In Section 5.1, we gave a high level overview of Algorithm 5.1. Hopefully, its correctness is now intuitively
clear. In this section we prove the correctness of the algorithm and give a formal treatment of each of its
steps.

It turns out that there is (provably) no universal method for proving the correctness of algorithms, but
in many cases it is possible to do so [KS01]. While proofs of theorems are sequences of justified steps, proofs
algorithms are sequences of justifications that nothing was overlooked in each step. In order to be more
confident that no error was overlooked, proofs of algorithm correctness are often painfully rigorous. In this
section we have attempted to explain the need for each proofs, but several may still strike the reader as
being unnecessary. We recommend that the reader use this section primarily as a reference for looking up
specific parts of the proof that he or she feels need justification.

Definition 5.1 Let A be an algorithm to calculate the result of some relation F' over some domain D. A is
correct if and only if, for any input d € D, A executed on d will always halt after a finite amount of time
and yield a valid F(d).

In our case,
A is Algorithm 5.1.
D is the set of all convex polygons.

F is the relation that returns one of the decompositions of P into triangles and line segments.



Figure 20: Preprocessing for Algorithm 5.1: removing parallel edges. Diagram (a) demonstrates that the
preprocessing stage may completely decompose the polygon. Diagram (b) shows a case in which the prepro-
cessing must be run more than once to remove all instances of parallel edges. Diagram (c) is a case where
the parallel edges are not of equal length, and slicing must occur. Diagram (d) shows a case in which the
parallel edges are not directly opposite to each other.
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Figure 21: Step 1 of Algorithm 5.1: the base case, when the polygon is a triangle, a line segment, or a single
point.

e

Figure 22: Step 2 of Algorithm 5.1: identifying an “expanding” edge. Note that the top and bottom edges
of the polygon on the right are not quite parallel, and were thus not removed by the preprocessing stage.

e

Figure 23: Step 3 of Algorithm 5.1: find the supporting hyperplane (line) for the expanding edge identified
in Step 1.



e

Figure 25: Step 5 of Algorithm 5.1: partitioning a sliced edge set of P based on H'.

pl

Figure 26: Step 6 of Algorithm 5.1: define p; and ps by translation based on the partition defined by Step
5.
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Figure 27: Step 7 of Algorithm 5.1: call the algorithm recursively on each of the summands, p; and ps.

So the algorithm is correct if it halts on any polygon, and the Minkowski sum of the resulting polygons is
P. In order to prove this correctness, we will break it into its 7 steps (plus preprocessing), and treat each as
a separate algorithm.

Notation: P refers to the polygon passed to Algorithm 5.1, while p refers to the polygon passed to the
recursive portion of the algorithm (steps 1-7).

Preprocessing:

Claim: Let e be the line segment generated by an iteration of the preprocessing. We need to show that
each iteration produces a summand of P and that the we adjust P correctly. Formally, we must show that

P +e=P

Proof:
By Theorem 4, it is sufficient to show

edgeset(P") U e = some sliced edgeset(P)

Once state in this form, the proof is easy. By construction, the two edges of e are parallel and of equal length
to the section of the edges that were removed form P to create P’.

Claim: The preprocessing halts.

Proof:

P has some finite number of edges, n. Thus there can be at most % pairs of parallel edges - a finite
number. Each iteration reduces the number of pairs of parallel edges by 1. When there are no more pairs of
parallel edges, the preprocessing stops.

Claim: After running the preprocessing, there are no more parallel edges in P.

Proof:
The algorithm repeats itself for each pair of parallel edges, each time remove that parallelism from the
polygon. Once the preprocessing halts, it must have removed all parallel edges.

Recursive Portion of Algorithm:
Qtaon (1)



Step 1 halts the algorithm if it is being run on a triangle, line segment, or single point. Identifying
whether or not P is a triangle, line segment, or single point is trivial, so this step requires no proof. It is
just the base case that makes sure we stop when we have gone far enough.

In Section 6, we will prove Theorem 6.1 which says that triangles and line segments are indecomposable.
By doing so, we will have proven that Algorithm 5.1 decomposes polygons into indecomposables. However,
for now we will satisfy ourselves with just proving it decomposes P into triangles and line segments.

Step (2)
Step 2 chooses an expanding edge of p. We need to prove that such a choice is always possible.

Lemma 5.1 If p is not a triangle or a line segment, then it is always possible to choose an edge, e, of p
such that the two angles adjacent to e sum to at least m radians.

Proof:

Let P be an n-gon (a polygon with n edges). Observe that this means that there are also n interior
angles (one per vertex).

Fact 1: Choose any interior point z, and connect it to each of the vertices. This construction partitions
P into n triangles, each of which shares a face with p. Each triangle has 7 radians among its angles, so the
sum of the angles of all of those triangles is nm radians. However, the angles angles that occur at x form a
full circle, and thus constitute 27 radians. Hence the sum of the interior angles of P is nm — 27 = (n — 2)7
radians.

Fact 2: If each adjacent pair of angles of p sum to 7 radians, then the sum of all such pairs is n7 radians.
However, that double counts each angle, and so the actual sum of the angles of p is “* radians.

Fact 3: Let us consider the case where we cannot find a valid edge for our algorithm. That is, all
adjacent pairs of angles sum to less than 7 radians. We have

(n—2)m < 4f

(n—2)<3
2n—4<n
n <4

So we see that the only time we can’t find an appropriate edge is when we are looking at a polygon with 3
or fewer edges. Since Step 1 ensures us that p has 4 or more edges, Step 2 will always be able to find an
expanding edge, e.

Step (3)
Step 3 finds a hyperplane, H, that passes through the edge provided for us by Step 2. Be definition,
every face of a polytope has a supporting hyperplane.

Step (4)

Step 4 finds the translation of H (called H') where H' N P has length equal to the length of e. We need to
prove that such a place exists, and that only one such place exists. When the problem is properly phrased,
both of these proof follow from the intermediate value theorem.

Note that the correctness of preprocessing guarantees us that parallel edges have been removed. Thus
we are looking at the generic case in which p has no parallel edges.

Consider a function F': R — R such that

F(z) = [pN (H)|

where H, denotes the hyperplane which is identical to H except that x has been added to the constant term.
We will say that F' is undefined over the empty set. Intuitively, increasing = moves a parallel copy of (H)
along p. As it does so, F'(z) measures the width of that cross section of p.

Lemma 5.2 F is continuous where defined.



Proof:

This proof becomes clear if we look at F' as a piecewise function, for which the function changes at each
value of x where H, intersects a vertex of p. In between those values of x, F' is just the distance function
between two lines. In order to show that a piecewise function is continuous, we need to show that each of
the functions is continuous, and that they are equal where both are defined.

For any value of x for which H, does not intersect any of the vertices of P, we know that F' is continuous.
That is simply the distance between two linear functions, and thus the functions in the piecewise F' are
continuous.

Now consider the values of x for which H, does cross a vertex of P. In this case, the distance between
them, F'(x), can be calculated using either of the two edges intersection to form that vertex. Both calculations
will yield the same result since the vertex is contained in both edges. Hence the functions in the piecewise
F are equal where they overlap.

Remark: Observe that F(0) = |e|]. Since e was chosen by Step 4, it must be an “expanding edge”; its
adjacent angles must sum to at least 7 radians. Since parallel edges have been removed, we also know that
they cannot sum to exactly 7 radians. So, as we initially increase x, F'(z) strictly increases. For some € > 0,
we have F'(e) > F(0).

Having no parallel edges also means that there is no parallel face opposite to e in p. That is, as we
increase z, F'(z) will eventually be measuring the width of the opposite vertex and thus return 0. This will
occur for some z =y € R, where y > ¢ > 0.

Since F' is continuous where defined, we can apply the intermediate value theorem to it over that domain.
For any 2z’ € R between F(y) and F'(e), there is some z € R between y and e such that F(z) = 2’. [MH]

By letting 2z’ = |e|, we are guaranteed to be able to find a z such that F(z) = le|] for z > 0. Since
z > € > 0, we are assured that we are finding a line segment of equal length to e, which which is not the
same as e. So by letting H' = H + z, we get |H' N p| = |e|, which is just what we wanted.

Step (5)
There is nothing to prove for Step 5, since all we do there is defined a partition.

Step (6)

Step 6 constructs two polygons, p; and ps and claims that p; + ps = p.

By the construction of H', both sy U {e} and s; {e} sum to the zero vector. Lemma 2.8 ensures us that
sets of vectors which sum to the zero vector define unique polygons (which we are calling pl and p2). Since
the union of the edge sets of pl and ps is (by construction) a sliced edge set of p, we know that p; + p2 = p.

Step (7)
Step 7 recursively calls the recursive portion of the algorithm on p; and ps. To justify this recursion, we
will need to show that it implies that

(1) We do not need to run the preprocessing on p; and ps again.
(2) The algorithm halts after a finite number of steps.

(3) When the algorithm does halt, it produces a decomposition of p into triangles and line segments.

Proof (1):

The first call to Steps 1-7 comes immediately after preprocessing, so there are no parallel edges in the
edge set of p. Steps 1-7 do not add anything to the edge set of p, and the edge sets of p; and p, are subsets
of the edge sets of p (by construction). Thus no new parallel edges have developed, so the subsequent calls
to Steps 1-7 will pass polygons without parallel edges. Inductively, there will never be parallel edges in any
call to Steps 1-7, and thus preprocessing won’t be necessary again.

Proof (2):
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Figure 28: The recurision in Step 7 will make progress towards the base case (Step 1) and thus the algorithm
will eventually halt.

Say p begins with n edges. After running Steps 1-7 on p, we may have up to n + 2 edges, since up to
two edges could have been broken apart by the partition of Step 5. However, since P has no parallel edges,
we know that the summands we produced must have at least 3 sides each. Thus each of them has at most
n+2—3=n—1edges. The number of edges of the polygon decreased in size on each recursive call, so the
polygon must eventually become small enough to be caught by Step 1 and halt that recursive call. Since
chain of calls halts, the entire procedure halts. Figure 28 shows a visual representation of this argument.

Proof (3):
By construction, the union of the edge sets of p; and ps is a sliced edge set of p. By Theorem 4.2, we
know that p; + ps = p.

All of the sub-proofs check out, so the algorithm will halt and yield a valid decomposition of p into
triangles and line segments. Since the preprocessing is also correct, Algorithm 5.1 as a whole is correct.

In the following section we prove that triangles and line segments are indecomposable, thus showing that
Algorithm 5.1 actually produced a decomposition of P into indecomposable polygons.

Remark: Step 2 involves a choice - the correctness of the algorithm does not depend upon which expanding
edge is chosen. Sometimes making a different choice will produce a different (but also correct) decomposition
of P. Other times, the final result of the algorithm will be the same. However, running the algorithm several
time and making all possible choices for Step 2 does not always find all decompositions of P. Enthusiastic
readers should examine the case of a hexagon in general position.

6 Indecomposability

In this section we examine indecomposability of polygons more closely. These results were given, without
proof, by Gale in 1954 in [Gal54] and later formalized by Meyer in [Mey74]. Here we give a more different
proof, which makes use of Algorithm 4.1 defined in Section 4.



Theorem 6.1 Triangles, line segments, and points are indecomposable. No other polygons are indecompos-
able.

Proof:

By using Algorithm 5.1 we can decompose any non-triangle, non-line segment, non-point polygon into
triangle and line segments. Thus to prove that triangle and line segments are indecomposable, it is sufficient
to show that they cannot be decomposed into triangles and line segments.

Triangles
Suppose a triangle T" were decomposable into triangles and line segments. If ¢ is a triangular summand
of T, then Theorem 4.2 tells us that the edge set of ¢ is a subset of some sliced edge set of T'. Since both T’
and t are triangles, they each have only three edges. Thus we know that each of the edges of t is parallel to
a different edge of T. This means that ¢ and T are just scaled multiples of each other, and hence ¢ will not
be part of a non-trivial decomposition.
JFkeR|T =kt

In summary, any triangles that T° decomposes are just scalar multiples of T" and thus do not count towards
finding a non-trivial decomposition. So if a triangle is going to decompose, it will have to be into just line
segments. However, that would imply that triangles are zonotopes, which they are not [She74, Ewa96].
Hence triangles are indecomposable.

Line Segments

Now lets consider decompositions of an arbitrary line segment L. Line segments cannot decompose
into triangles, because triangles have three different edge-vectors (more than the line segment!). If L de-
composes into line segments, then they must be parallel to L by Theorem 4.2. However, all parallel line
segments are scalar multiples of each other, such a decomposition would be trivial. Hence line segments are
indecomposable.

Points

A single point polytope is trivially indecomposable. It could only ever be a sum of polytopes with empty
edge sets. Thus points only decompose into sums of points, which is a trivial decomposition.

7 Symmetries

Here we examine some nice properties of the effect of Minkowski summation on symmetries of the summands.
These results will prove useful in Section 8 and are interesting in their own right.

Lemma 7.1 Given a polytope P C R™ with a Minkowski decomposition

k
P=>"P
i=1

and any linear transformation v : R™ — R™, then
k
TP = Z 7(P;)
i=1

Proof:
Since Minkowski summation is associative, it will suffice to show the lemma for a 2 part decomposition,
P=Q+R.

P=Q+R={q+r|qeQ,r € R}
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Figure 29: Rotating each of a set of polytopes clockwise by 6 = & rotates their Minkowski sum by the same
amount.

hence

7P =7(Q+R)
T({g+rlqeQ,r € R}
{rl@¢+r)|qeQ,r e R}
{r(@)+7(r) | g€ Q,r € R}
=7(Q) +7(R)

Example 7.1 A good way to visualize Lemma 7.1 is by looking at the linear transformation of rotation.
That 1is,

0(P+Q)=0(P)+0(Q)

where 0 is a clockwise rotation by & radians. Figure 29 shows the case where P + Q is the regular hexagon,
with P and @ being equilateral triangles.

Remark: For any polygon P, the edge set of 7(P) is the same as the edge set of P, except that each of the
edge-vectors has been transformed by 7.

edgeset(t(P)) = 7(edgeset(P))
Theorem 7.1 Given any polytope P C R™ and two of its Minkowski decompositions

P:Z?:ypi
k
P:Zizlpi/

and any linear transformation T from R™ to R™, if
{Pr,.... P} =A{r(P),....7(P)}
then

P =r7(P)

Proof
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Figure 30: Applying the clockwise rotation 6 = %’T to the summands of a regular hexagon fixes each of them.
Hence their sum is (trivially) fixed under the same rotation.

We are given that
F P

2
2im T(F)

?

P

o
Il

o
Il

and Lemma 7.1 tells us that

Y T(P)=7(P)

i=1
Thus P = 7(P).
Remark: There are two special case applications of Theorem 7.1.

(1) A polytope remains fixed under any linear transformation that fixes all of the summands in any of its
decompositions. See Example 7.2.

(2) A polytope remains fixed under any linear transformation that fixes any of its decompositions (although
it need not fix each of the summands in that decomposition). See Example 7.3.

Example 7.2 We revisit our earlier examination of the regular hexagon decomposed into two equilateral

triangles. This time, consider the transformation of rotation by 6 = 2?” We can see in Figure 30 that each
of the summands is fixed under rotation by %", and thus so is their sum.

Example 7.3 Now consider the same situation, but choose 0 to be a rotation by 5. Figure 31 shows this
versions of the example. Not only do we see Lemma 7.1 at work, but we also observe that the hexagon
P+ Q=0(P+ Q). Even though neither summand has 6-way radial symmetry, their sum does.

Corollary 7.1 Given a polytope P with a decomposition D = {dy,...,dx}, Theorem 7.1 tells us that AP
has a decomposition A\D = {Ady, ..., d} for A € R>q.
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Figure 31: Here we choose § = % to the summands of a regular hexagon results in the same set of summands,
up to reordering. The sum inherits a symmetry that none of the summands have, but which the set of
summands had as a whole.

8 Finiteness and Decomposition

There are an infinite number of decompositions for any given polytope, if we allow trivial ones such as

P= %P + %P. As we will see, many polytopes also have an infinite number of non-trivial decompositions

into indecomposable summands. However, as we’ve seen in numerous examples so far, polygons appear to
have only a finite number of “interesting” decompositions. In this section, we identify and formalize the

finite aspect of Minkowski sum decomposition of polygons.

8.1 Infinite Aspects

First we will examine the infinite aspects of decomposing polytopes.

Lemma 8.1 For any polygon P, convexr combinations of decompositions of P are themselves decompositions
of P.

Proof:
Let P be a polytope with decompositions into indecomposable summand, Sg = @Q1,...,Qk, and Sg =
Ry,..., Rg,s. We need to show that

is a decomposition of P, for 0 < A < 1.
Observe that Corollary 7.1 tells us the following two important facts:

(a) ASg is a decomposition of AP, and
(b) (1 —X)Sg is a decomposition of (1 — \)P.
By Lemma 2.7, P = (1 — A\)P 4+ AP. Thus S = (ASq U (1 — A)Sg) is a decomposition of P.
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Figure 32: There are an infinite number of ways to decompose the house polygon into indecomposables.

Notation: The set of all decompositions of a polytope P denoted Dp.

Remark: The immediate implication of Lemma 8.1 is that Dp is a convex set. Of course this observation
begs the question of where this convex hull resides. We will answer that question in Section 8.3. For now,
we need some additional background.

Lemma 8.2 If a polytope has two distinct non-trivial decompositions into indecomposables, then it has an
infinite number of distinct non-trivial decompositions into indecomposables.

Recall that we consider any decomposition of the form P = AP + (1 — A\)P for 0 < A <1 to be trivial.

Proof:
Let P be a polytope with at least two distinct decompositions into indecomposable summand, S; =
Q1+ ...+ Qk, and Sy = Ry + ... + Ry,s. Consider the trivial decomposition

P=AP+(1-XNP
for 0 < A < 1. Now decompose the two summands in two different ways. We get

Po=AY 51+ (1-X5
=AQ1+ .+ Qry) + (1= N)(Ri+ ... + Ry,)
=AQ1+ ... +AQp,) + (1= NRy + ... + (1 = N Rg,)

which is a decomposition of P into indecomposable polytopes. For different choices of A, we will get different
decompositions of P. In this manner, we can produce an uncountably infinite number of decompositions of
P into indecomposables.

Example 8.1 Consider the, by now familiar, example of the house polygon. Figure 32 shows how we can
construct an infinite number of decompositions of that polygon into indecomposables.

8.2 Some Notation for Decompositions and Summands

In [Mey74], Meyer proves that the number of distinct indecomposable summands of any polytope is finite
(111 +o franclation and ccalineg) However 11 o111 cottine we do nat want +0 ionore ccaline That i« if P



is an indecomposable summand of a polygon P, then so is %Po. In order to maintain a finite number of
indecomposable summands, we will only count each set of scaled summands once. Specifically, we choose
the largest scaling APy such that no edge of AP, is longer than the corresponding edge of P. Without loss
of generality (and for the sake of clarity), we will refer to the largest scaling of Py simply as Fj.

Notation:
Let P be a polytope with distinct indecomposable summands P, ..., P,. Every decomposition of P is
of the form
P=a1P +..+a.Ps

for a; € R>g. Of course, often most of the a; will be zeroes. We will use weight-vector notation, in which
we represent such a decomposition as the vector (aq,...,ax). Any summand of P (not just indecomposable
ones) can also be expressed as a sum

P=a1P +..+a,P

for a; € R>p. Thus, summands of P can also be represented in weight-vector notation.

Remark: Not every weight vector corresponds to a decomposition or a summands, but every decomposition
and summand can be expressed as a weight vectors. Furthermore, observe that every weight-vector corre-
sponds to at most one decompositions and to at most one summand. However, a given summand may have
many different weight-vectors which define it. Specifically, every decomposition of that summand has a (dif-
ferent) weight-vector representation which defines the summand. Once we have develop more terminology,
we will better be able to understand exactly which points correspond to each polytope.

Example 8.2 Let P be the unit square. Figure 34 shows the weight vectors for some of the summands and
decompositions of P.

Example 8.3 Let QQ be the house polygon. Figure 35 shows the weight vectors for some of the summands
and decompositions of Q.

We will build on each of these examples and add to them throughout this portion of the paper.

Remark: A natural question now arises: for a given polytope P, which k-vectors are decompositions of P?
We will answer this question for polygons, but first we will need one more piece of notation.

Notation:

For any polygon P, the summand-edge weight matriz of P is an k X n matrix denoted Mp; k is the
number of distinct indecomposable summands of P, and n is the number of edges of P. The entry (4,7) in
Mp is the ratio of the length of the j'* edge of P to the corresponding edge of the i** summand. Hence
all the entries of Mp range from 0 to 1 (recall the discussion of the finiteness of distinct indecomposable
summands given at the beginning of this section). Each row of Mp gives us the weights on the edges of one
of the indecomposable summands of P.

Lemma 8.3 A weight-vector W = (W1, ..., Wy,) corresponds to a decomposition of a polygon P if and only

if
WMp =1

where 1 is the length n vector of all ones.

That is, the sums of the weights contributed by the summands to each edge in P must be exactly 1.

Proof: (=)

Let P be a polygon with indecomposable summands {Py,..., P;}. Let W = {wy,...,w;} be a vector of
weights for the summands of P that defines a decomposition of P. Let e; be an arbitrary edge of P with
length |e;| (for 1 < j < k).

Recall that the entries of W represent ratios of lengths of edges of P; to the corresponding edges of P.

th
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of WMp). By Theorem 4.2, we know that the union of the edge sets of the summands is some sliced edge
set of P. In order for that to hold, the total length of all copies of e; in the edge sets of the summands must
equal the length of e; in P. That is, the sum of the ratios of each of those lengths to |e;| must equal one.
Since this must hold for any e;, we must have that WMp = I.

Proof: («)

Let P be a polygon with indecomposable summands {Py, ..., Py}. Let W = {wy,...,wi} be a vector of
weights for the summands of P that does not form a decomposition of P.

By Theorem 4.2, the edge sets of the summands must not match any sliced edge set of P. Since the
proposed decomposition is a set of weights applied to the actual summands of P, the edges of P are all
present in the summands. If the edge sets don’t match up, then the difference must be in their lengths; the
lengths of some edge at it appears in the weighted summands must not equal |e;|. Let e; be such an edge.
This means that the sum on the entries in the j** column must not equal one. Hence W Mp # I.

Example 8.4 Let P be the unit square with edges {e1, ea, e3,eq}. Figure 34 shows the edge-summand weight
matriz, Mp of P.

Example 8.5 Let P’ be any rectangle. Observe that, since Mp: records ratios of the summands’ edges to
the polygon’s edges, it is the same matriz as Mp from Example 8.4.

Example 8.6 Let QQ be the house polygon with edges {e1, e, e3,eq,€5}. Figure 35 shows the weight vectors
for some of the summands and decompositions of Q.

8.3 The Decomposition Polytope
We will now examine more closely the set of all decompositions of a polygon.

Theorem 8.1 For any polygon P C R?, the set of all decompositions of P, denoted Dp, forms a convex
polytope in RF.

Proof:

By Lemma 8.3, the set of all decompositions of an n-gon is completely defined by the linear equalities
given by ZMp = 1 with the restriction & > 0.

The intersection of the hyperplanes given by ZMp = I defines a hyperplane H of some (lower) dimension.
By construction, the entries in Mp are all non-negative. Combined with the restriction that Z > 0, we know
that the solutions form a bounded subset of H. Specifically, each entry a; of & is bounded below by 0 and
above by a%

There is an important theorem in combinatorics which states that a region is bounded and defined by the
intersection of a finite number of half spaces if and only if that region is the convex hull of a finite number of
points. These are two equivalent definitions of a polytope, however proving their equivalence is surprisingly
difficult and long. We omit the proof, but encourage interested readers to examine the proof given in [Zie95].

Both #Mp = I and # > 0 can be expressed as linear inequalities, and thus the set of solutions satisfying
both conditions is an intersection of a finite number of half spaces. Thus Dp is a polytope. Specifically, this
polytope resides in the positive orthant of R¥, where k is the number of indecomposable summands of P.

Remark: Since Dp is a polytope, it has a finite number of extreme points. These extreme points are the
finite number of “interesting” decompositions of P. It is an open question as to whether or not Dp is a
polytope when P is a polytope of dimension greater than two.

Example 8.7 Let P be the unit square. Figure 34 shows the decomposition polytope for P. By looking at
the rank of Mp, we can observe that Dp must be zero dimensional.

Example 8.8 Let QQ be the house polygon. Figure 35 shows the decomposition polytope for Q. By looking
at the rank of Mg, we can observe that Dg must be one dimensional. We can finally confirm that the

two decompositions of the house polygon that have shown up throughout this paper are in fact the only
“mtproctinn” nAnece thear are the nmly ertrerme nointe nf T -
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Figure 33: The conical hull of {vy,v2,v3}.

Lemma 8.4 For any polygon P C R?, The dimension of Dp is the rank of Mp.

Proof:

Let P be a polygon with n edges and k distinct indecomposable summands. Lemma 8.3 lets us completely
describe Dp as the set of vectors W which satisfy W Mp = 1. The dimension of Dp is the dimension of the
row space of Mp, which is the rank of Mp. [AR94]

Definition 8.1 For any polytope P, Dxp is the union of all decompositions of all positive scalings of P.

8.4 The Set of All Summands

Here we discuss the relation between Dp and some similar results by Meyer in [Mey74]. First we will need
some additional background terminology. Then we will describe some important implications of Meyer’s
work, and prove some lemmas about how it fits into our own results. Lastly we will summarize the relations
between several important objects associated with the decompositions of a polytope.

Definition 8.2 Let V = {Vi,...,Vi} be a set of vectors in R™. The conical hull of V' is given by
cone(Vy={z |z =a:Vi + ...+ apVj,Va; > 0}

We call such x the conical combinations of V.

[Zie95)

Definition 8.3 A cone is the conical hull of a finite number of vectors in R™. Notice that a cone always

includes the origin.

Example 8.9 Figure 33 shows the conical hull of three vectors in R?.

Definition 8.4 A face of a cone C is the intersection of C' with a supporting hyperplane of C. One dimen-
sional faces of a cone are called extreme rays.

A more detailed freatment of conec ja oiven in [ 7Z3i005]



Definition 8.5 The positive orthant of R™ is the conical hull of {e1, ..., en}, where e; is the zero vector with
the it" entry replaced by a 1.

Definition 8.6 For any polytope P, Sp is the set of all summands of P.

Definition 8.7 For any polytope P, Sxp is the union of the sets of all summands of all positive scalings of
P.

Lemma 8.5 If P be a polytope with k indecomposable summands, then Syp is identical to the positive
orthant of RF.

Proof:

From the definitions, we see that Syp is an conical combination of the indecomposable summands of P.
However, we need to make sure that there are only a finite number of such summands. In [Mey74], Meyer
examines Syp and shows that every polytope has a finite number of indecomposable summands. Thus S)p
is equivalent to the positive orthant of R™.

We will now move on to relating the set of all summands to the set of all decompositions.

Notation:
Given two weight-vectors

V:{Ula"'avk}
U:{ul,"'auk}

we say that V < U if and only if v; < wu; for 1 <i <k
Remark: This definition of “<” imposes a partial ordering on vectors in R¥.

We will now introduce some new terminology which will allow us to describe some important relations
among decompositions and summands of a polygon.

Definition 8.8 The umbra of a vector V in summand space Sxp of P is given by
umbra(V)={U € Sp | U <V}
The umbra of a set of vectors is the union of the umbras of those vectors.

By this definition, every vector is in its own umbra.

Remark: Any umbra in R™ is an unbounded region. In fact, the umbra of a single point is a cone originating
from that point. However, any umbra in the summand space of a polytope is bounded, since we are restricted
to the positive orthant.

Lemma 8.6 Fvery summand of P is in the umbra of some decomposition of P.

Proof:

We will prove this lemma by contradiction. Let d be a decomposition of P, and let § be a summand of
P. Suppose it were not the case that § < d. Then for some i, we have s; > d;.

By Lemma 8.3, d satisfies JMP = 1 and thus the it" column of JMP sums to 1. It must therefore be
that §Mp £ 1, due to it’s i*" column.

By the definition of § being summand, there must be some summand s’ such that, (5+ s YMp = 1. Since
all weight-vectors are positive by construction, the i*" element of 5+ s’ must be strictly greater than 1.
Hence (5+ s YMp = 1 cannot be satisfied, and we have a contradiction.

Toemma R 7 No decommnncitonn nf P ae am the a1omhra nf another (dictimct) decormmnneitinn nf P



Proof:
Suppose there were two decompositions of P, d_i and d;, such that dz < d;. By Lemma 8.3, d; satisfies
doMp = 1. However, it must be the case that

diMp < dyMp

which means that it cannot hold that d_i Mp = 1. This result contradicts Lemma 8.3, and so the supposition
must have been false.

Lemma 8.8 For any polygon P, Dp is a face of Sp.

Proof:

Observe that the weight-vector for any decomposition of P is the weight-vector P treated as a trivial
summand of itself. Thus Dp C Sp.

Recall that Dp for a polygon is a bounded subset of some hyperplane H. Recall from Lemma 8.6 that
Sp is in the umbra of some element of Dp. Thus, Dp = Sp N H # () and Sp C H™~, meaning Dp satisfies
the definition of a face of Sp.

8.5 Summary and Connections

For any polytope P with k indecomposable summands, we are concerned with the following four objects in
RF. Here we give a summary of their properties and some observations about the relations between them.

(1) Sap: The set of all summands of AP, for A € R>g.

Syp is equivalent to the positive orthant on R*. The finite number of extreme rays that Meyer observed
are the positive axes of R¥, and correspond to the positive scalings of the indecomposable summands
of P.

(2) Dp: The set of all decompositions of P.

Dp is a convex subset of Sxp. If P C R?, then Dp is a polytope with dimension equal to the rank of
Mp. Typically, dim(Dp) << k.

(3) Sp: The set of all summands of P.

Sp C umbra(Dp) and forms a bounded subset of Sxp. Dp is a face of Sp.

(4) Dxp: The set of all decompositions of AP, for A € RZY.

Decompositions of AP for A # 1 correspond to conical scalings of Dp. These different scalings are
parallel to each other, and their union forms a cone in R¥.

9 Conclusion and Future Work

In this paper, we have provided a thorough background for understanding and working with decompositions of
convex polytopes into Minkowski summands. We provide a number of theorems, algorithms, and terminology
which serve as powerful tools for examining decompositions, especially decompositions of polygons. The
accompanying Mathematica notebook provides an easy means to gain intuition for the subject. A description
of that notebook is given in Section 11.

In the future, we hope to develop a general method for decomposing n-dimension polytopes and producing
their decomposition polytope. We hope to generalize many of the theorems of this paper to work in higher
dimensions. We would like to extend the Mathematica notebook to perform more of the algorithms described
in the paper, and provide an even easier interface for it. We would also like to refine the VMS algorithm so
that it is compatible with the rest of the package.

The remainder of this paper is a collection of supplements. It includes a description of time complexity,
an analvaie of the accomnanyvine Mathematica nroocram ac wall ac ecome reciile abhoiit lattice valiimea
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10 An Introduction to Time Complexity

Time complexity is a notion that allows us to classify how quickly different functions grow as their input
size gets arbitrarily large. A detailed examination of complexity analysis is a very large topic, so we will
only give a brief introduction. A more detailed discussion of time complexity can be found in almost any
introductory computer science textbook. We particularly recommend the classic algorithms book [CLR00],
as it is both thorough and readable.

Definition 10.1 A function f(z) is said to be O(g(x)) if and only if

VN € N,dc € N s.t.
Vn > N,cf(n) < g(n)

[CLRO0] That is, g is eventually larger than f after some scaling.

Remark: Since the constant ¢ can be set arbitrarily low, a multiplying a function by a constant does not
change its complexity class.
There are 6 major complexity classes, which are listed here in order from fastest to slowest.

e Constant Time, O(1)

Logarithmic Time, O(log n)

Linear Time, O(n)

e N-LOG-N Time, O(n log n)

e Polynomial Time, O(n*) for some k € R
e Exponential Time, O(2")

In general, exponential time algorithms are unacceptable, as a small increase in input size can double
the amount of work done. No matter how much processing power one has, an exponential algorithm can be
made inhibitively slow with only a small increase in the problem size. Polynomial time algorithms are much
better than exponential, but for large problems are still often inhibitive.

Remark: Under normal circumstances, sorting cannot be done faster than O(n log n). As a result, many
algorithms are prevented from being faster. No matter how efficient an algorithm is, if it has to sort its input
before running, then it cannot improve past O(n log n).

Equipped with this terminology, we are now ready to examine and analyze the Mathematica notebook
that accompanies this paper.

11 The Mathematica Notebook: Usage Guide and Analysis

In this section, we will give an introduction to the Mathematica tool that accompanies this document.
Mathematica is a powerful mathematical analysis program produced by Wolfram. All code included in that
notebook should be considered open source.

We provide a set of functions that allow for a convenient, visual manipulation of Minkowski sums, as well
as implementations for some of the algorithms discussed in the paper. First we will give a summary of the
functions and their syntax, as well as giving a few examples. In addition, we will give a brief description of
internal workings of the functions and analyze their time complexity.



11.1 Functions and Syntax

We have written four Mathematica files dealing with Minkowski sums, plus an additional one written by
Fukuda and Mizukoshi [FM] that we make use of internally. These files define three basic sets of commands.

e The file conversion.nb contains commands of the form {UC,0C,UE,OE,UV,0V }to{OC,UE,OV},
which convert between different representations of polygons.

e The file mink_sum.nb contains the function RMS, which recursively finds the Minkowski sum of a list
of polygons in the OC (ordered corner) representation.

e The file mink_sum_vertices.nb contains the function VMS, which performs the Minkowski sum of
two polytopes in UC representation, but does so by adding together their vertices. As we will see
in Section 11.5, this algorithm has a worse time complexity than RMS, but can handle polytopes
of arbitrary dimension. VMS is included as a demonstration of an alternative, but is not itself very
refined yet. It does not currently clean its vertices, and thus produced output which cannot be inputted
into DePo. However, its simplicity allows us to be sure of its correctness in all cases, and we hope to
improve its output in future versions.

e The file decom poly.nb contains the function DePo, which takes a polytope in OC format and produces
the extreme points of its decomposition polytope.

In general, lattice polygons and rational polygons work the best, since they do not incur problems with
roundoff errors and precision mismatching.

Syntax and examples are described thoroughly in the notebooks themselves. We do the same below, as
well as giving some proofs of accuracy and complexity.

11.2 Type Conversion Functions

There are six types of representations of polygons which the user may wish to convert among.
UC - UnorderedCorners

OC - Ordered Corners

UE - Unordered Edges

OE - Ordered Edges

UV - Unordered Vectors

OV - Ordered Vectors

Unordered means that they are in no particular order and no particular initial element.

Ordered means that the list is in counter-clockwise order. The first element is the southwest most corner
- a notion which is formally defined at the beginning of the proof of Theorem 12.1. Intuitively, we want to
start the list with southern most corner, breaking ties by taking the western most corner.

Corner representations define the polygon as a list of its vertices. We use the term “corner” rather than
“Vertex” so that the abbreviation is unambiguous with the Vector representation (described below). Recall
that vertices and corners are equivalent notions [Zie95].

Edge representations define the polygon as a list of its edges. Each edge is represented as an ordered
pair of vectors; the first of which is the initial point, and the second of which is the ending point. Within
each edge, those two points must be ordered so as to reflect the counterclockwise orientation of P (even
when the edges are unordered).

Vector representations define the polygon as a list of its edge vectors. These vectors have all been
translated to the origin, so they are stored simply as ordered pairs (unlike the Edge representations). Each
vector is directed so as to reflect the counterclockwise orientation of P, even when the vectors are unordered.

Notice that, unlike the other two representations, vector representations do not record translation. That is,
convertine +o OV renrecontation and +hen hacle acain Ineee information



uv- UE uc

Figure 36: A diagram showing the conversions between different polygon represenatiosn that are provided
in the accomanying Mathematica notebook. The dotted lines indicate conversions that were written simply
by composing other conversion functions. OEV is an internal intermediate represenation that is included
for the sake of readers who want to understand the actual workings of the code.

Example 11.1 A simple unit square can be represented in any of these ways.
OC: {{0,0},

{1,0},

{1,1},

{0,1}}

OE: {{{0,0},{1,0}},

{{1,0}, {1, 1}},

{{1,1},{0, 1}},

{{0,1},{0,0}}}
oV: {{1,0},

{0,1},

{~1.0},

{0,-1}}

The actual functions are all of the form “{UC, OC, UE, OE, UV, OV} to {OE, UC, OC}”. All

possible conversions are shown in Figure 36.

For example, UEtoOC takes a polygon in Unordered Edge representation and returns the same polygon
in Ordered Corner representation.

11.3 Internal Workings of RMS (Recursive Minkowski Sum)

We will now take a high level look at the internal workings of the functions described in the previous section.
Further descriptions can be found in the program file itself. RMS[P] expects a Polygon in OC (Ordered
Corner) representation.
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Figure 37: An illustration of how the Minkowski sum of two polygons can be found by performing merge
sort on the edges of the summands, and sorting by angle.

On a technical note, the first thing the function does is take a copy of the first corner of the list and add it
to the end of the list, using the MakeCyclic function. Thus while RMS takes standard OC representation
as its parameter, the analysis below will assume that the representation has already been augmented by
Makecyclic.

The RMS function calculates the Minkowski sum of a list of polygons recursively, by looking at them
in pairs. It sums the last two in the list, then takes that result and adds it to the third to last element of
the list, and so on. In order to do the actual sums, RMS call on the ChooseMS function. The function
ChooseMS determines if either of the two polygons are single points. If so, it calls PointMS to perform
the calculation. If not, it calls PolyMS to perform the sum.

The PointMS function does the obvious; it take the non-point polygon and add the point polygon to
all of the vertices. The PolyMS function is more subtle, and is based on Section 4. Theorem 4.2 tells us
that the Minkowski sum of two polygons will have the same edge set as the union of the edge sets of the
summands, up to slicing. Thus, we know what the edges will look like (by comparing adjacent vertices in
the summands), so we only have to put them in the correct order. By Lemma 2.8, we know that they define
a unique polygon (up to translation). We can put the vectors in the correct order by comparing their angles
up from standard position.

If you are given a set of edges (pairs of vertices), you can figure out how to make a convex polygon out
of them by just looking at the angles they make (how much they are rotated up from standard position).
The angles must be increasing (non-strictly) or else the shape will be concave. However, since we know
that the two summands already satisfy this property (that their vertices are sorted by angle) we can just
“merge” their edges together. We do this in a way analogous to merge sort; “walk” around both summands
simultaneously and and compare the current edges. Take the one with a lower angle (up from standard
position) and then advance your position on that summand by one edge. In the case of a tie, either choice
is correct. The result will be a sorted list of all of the edges in both summands, and thus be the Minkowski
sum of those two polygons (by Theorem 4.2). This merging procedure is exactly what PolyMS does, and
is illustrated in Figure 37.

Notice that in the case of a tie during merging, there will end up being a stray vertex in the middle of
an edge of the sum. This phenomenon comes from the fact that the edge sets of the summands are equal
to the sliced edge set of the sum, and occurs when the summands have some edges that are parallel. The
stray vertex corresponds to a place where that edge would have to be sliced in order to get the edge sets of
the two summands. However, it is technically an error and clutters up the representation of that polygons.
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Figure 38: Another example of Minkowski sums calculated using using merge sort. In this case, some stray
vertices are produced along the edges of the result.

The CleanEdges function detects and removed such vertices from a give polygon. An example of this
phenomenon is shown in Figure 38.

11.4 Complexity Analysis of RMS

Merging two sorted lists is a linear in terms of the total length of both lists. In this case, this means that
the RM S function is O(n) where n is the total number of edges among all the summands.

This complexity assumes that we are using a sorted-vertex representation of polygons. If we are given
polygons in another form, then there will be some additional preprocessing. Specifically, we may need to sort
the edges, which would raise the complexity to O(n log n). This increase is acceptable, since the algorithm
is still faster than polynomial time.

Remark: This analysis assumes that simple operations provided by Mathematica are constant time. That is,
we assume that addition, multiplication, and other simple operations require constant or essentially constant
time to perform. This simplification is a common one and is a fairly safe assumption to make.

11.5 Alternate Methods for Computing Minkowski Sums

In order to give the reader an idea of how the efficiency of the the RMS algorithm compares to other
algorithms for computing Minkowski sums, we will briefly present and analyze some alternative algorithms.

One salient way to write an algorithm is to have it follow directly from the mathematical definition.
As any programmer will tell you, this approach often fails and even more often is inefficient. In our case,
consider trying to directly compute the Minkowski sum:

P+Q={p+q|lpePqec@}

For non-trivial cases, there are an uncountably infinite number of valid p and ¢ vectors to consider. Hence
the naive algorithm will never even terminate.

However, there is a mildly clever modification that can be made to the naive algorithm to make it
foarminate: J11et concider the verticee One miocht abecerve (correctlsy) +he follawino:



Lemma 11.1
conv(Vp) + conv(Vg) = conv(Vp + V)

where Vp and Vg are vertices of polygons.

That is to say, we only need to add each of the vertices of P to each of the vertices of @, and then take
the convex hull of the result. This follows from Lemma 2.2 and from the fact that the vertices of conv(V') are
always elements of V' [Gru67]. This approach only involves a finite number of sums, and thus will terminate
nicely.

However, consider the complexity of the vertex-sum approach. Let n be the number of vertices of P and
m be the number of vertices of Q). Without loss of generality, let n > m. The procedure will add each of n
vectors to each of m other vectors, thus taking a total of nm operations. In general, this method will take us
O(n?) time, where n is the number of edges of the summands (which is the same as the number of vertices
of the summands). While a polynomial algorithm is reasonable efficient, the RM S function beats it, and
will be considerably faster at computing sums of large polygons.

On the positive size, the vertex-sum approach can sum polytopes of any dimension, and are not restricted
to polygons. This is a classic tradeoff between efficiency and generality.

We provide VMS, an implementation of this approach, in the accompanying Mathematica notebook. It
has not been refined enough to clean stray vertices from its interior, and thus is not compatible with the
other functions in that notebook. We hope to improve it in future versions of the notebook.

11.6 The DePo Function (Decomposition Polytope)

Recall from Section 8 that the set of all decompositions of a polygon forms a polytope in high decomposition
space. The DePo function generates finds the extreme points if Dp for a given polygon P. To just find the
edge-summand matrix, use the EdgeSummand function.

The DePo function operates through brute force. It first identifies all size 2 and size 3 subsets of P,
and then determines which of the size 3 subsets are able to form triangles. It constructs each such triangle,
measures the side lengths with the Law of Sines, and generates the edge-length ratios. Lastly, it builds
the edge-summand matrix and feeds it into Vertex_Enum, a Mathematica package written by Fukuda and
Mizukoshi. [FM]

12 Bounds on Lattice Volume

When we take a Minkowski sum P + ) = R, observe that the lattice volume of S will be greater than or
equal to that of each summand. Here we define the lattice volume of a polytope as the number of integer
lattice points (Z™) inside of that polytope. In this section, we will find (and prove) tight bounds on the
lattice volume of a polytope as a function of the lattice volume of its Minkowski summands.

12.1 Background
Definition 12.1 The lattice volume of a polytope P C R"™ is the size of the set

{z€Z" | ze P}

We will denote this L(P).

Remark: We will only be dealing with the standard lattice Z", however the theorems in this section can
be generalized to arbitrary lattices.

12.2 Lattice Polygons

First we will examine lattice polygons.



Definition 12.2 A polytope P C R™ is a lattice polytope if and only if all of its vertices are elements of
Z"™. That is, if and only if
P = conv(V) with V. .C Z"

Remark: Since polytopes are required to be non-empty, this definition means that every lattice polytope
contains at least one integer lattice point.

Lemma 12.1 A Minkowski sum of lattice polytopes is itself a lattice polytope.

Proof:

Let P and @ be lattice polygons and R = P + ). We need to show that R is a lattice polygon, which
means we need to show that the vertices of R are in Z". Recall from Theorem 3 that conv(A + B) =
conv(A)+ conv(B); that is, the sums of the vertices of two polytopes completely determines their Minkowski
sum. Since sums of lattice points are lattice points, the R = P+ () must have vertices that are lattice points.

Theorem 12.1 Let P and Q be lattice polytopes in R™. The bounds
LP)+ L(Q) ~1 < L(P+Q) < o0

are correct and tight (no stronger bounds exist).

Remark: For this proof, we will impose an ordering on Z™. Given

f:{xl,...,xn}EZ"
7=1{vy1,---,Yn} € Z"

we will say that @ < ¢/ if and only if either & = i or x; < y; where i is the first entry at which the two vectors
differ. For polygons, we are working in Z™ and we say that the smaller of two vectors is the southwestern
most one (where south has priority over west).

Proof:

In order to prove this theorem, we need to make sure that the upper and lower bounds are both correct
and tight.

(1) The Lower Bound is Correct

We will use the stamping algorithm to prove this portion of the theorem. Without loss of generality, let
P be the template and @ be the stamp. Let the handle & be at the smallest vertex of @ (using our imposed
ordering).

Unlike the usual stamping algorithm, we will place the images of the stamp in a very precise manner. We
will place h on each of the integer points of the template (P), starting with the largest one. Each subsequent
stamped image will be made by placing h at the next smaller integer point in P. After stamping h at all of
the lattice points, we can go back and stamp the rest of the points in any order.

The first image place will have L(Q) integer points in it. Each additional placement of the template will
add at least one new (non-redundant) integer point to the result. We can be assured of this by our ordering.
At no time will a placement of h create an image of the stamp that covers any integer points that i has not
already been place at. Thus, if nothing else, the integer point in P where h was placed is new.

Hence we get the lower bound L(P) + L(Q) — 1 < L(P + Q).

Example 12.1 Figure 39 shows an example of two lattice polygons. Notice that we chose the handle to
be the southwest most corner of the stamp (Q). The handle is placed on each of the lattice points in the
template (P) before being placed anywhere else. Furthermore, we place them in the order indicated by the
arrows, starting at the top-most vertex.



Handle (h)

Template (P) Stamp (Q)

Figure 39: A two dimensional illustration of the proof of the lower bound given in of Theorem 12.1.

(2) The Lower Bound is Tight
Once we know that the lower bound is correct, we can show that it is tight by finding an example for
which the bound is exact.

Example 12.2 Let P = @ both be the line segment conv({(0,0),(0,1)}). Their sum is the line segment
conv({(0,0),(0,2)}).

L(P)=2
L@Q) =2
L(P+Q)=3
L(P)+L(Q)—1=3

And we see that L(P + Q) = L(P) + L(Q) — 1.

The lower bound given in the lemma is exactly correct in this case, meaning there can be no larger lower
bound. Of course, there may be a better lower bound if we allow ourselves to have more information about
the summands than just their lattice volumes. We will examine that idea later on in this section.

(3) The Upper Bound is Correct
Polytopes are bounded and integer lattice points are not dense within the reals. Thus there can only be
a finite number of integer points within any given polytope. [MH]

(4) The Upper Bound is Tight

Suppose there were a better (smaller) upper bound, L(P + Q) < M. Then we could construct a coun-
terexample in the following manner.

Let P be the line segment conv({(0, M), (1,0)}), and let @ be the line segment conv({(0,0),(1,0)}). By
making ) a summand, the resulting polygon will necessarily have a width of at least 1 unit at all heights.
Since the summand P has a height of M, the resulting polygon must have a height of at least M. Thus,
there must be a least M integer points contained in P 4 ). Furthermore, at the top and bottom of P + @,
there will be 2 integer points rather than just 1. Thus we have

L(P)=2
L(Q) =2

T/D 1 N\ — AT |1 O
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Figure 40: An illustration of the counterexample given in part 4 of Theorem 12.1, with M = 7.

which contradicts the attempted upped bound. This example is illustrated in Figure 40 for M = 7.
Knowing the integer volumes of the Minkowski summands is not enough information to put any finite
upper bound on the lattice volume of the Minkowski sum.

Conjecture:
The lower bound given in Theorem 12.1

LP+Q) < L(P)+ L(Q) -1

is an equality only if either (a) P and @ are parallel line segments, or (b) at least one of the summands in a
single point.

12.3 General Polygons

Now we will examine arbitrary polygons an allow non-lattice summands.

Lemma 12.2 Any lower bound on the lattice volume of a lattice polytope is also a lower bound for general
polytopes, although not necessarily a tight one.

Proof:

It is equivalent to say that the convex hull of all the lattice points of P is contained in P, which follows
from the fact that the convex hull of any subset of P is contained in P. Hence any lower bound for the
volume of that subset will also apply to the entire polygon.

Theorem 12.2 Let P and Q be polytopes in R™ (not necessarily lattice polytopes). The bounds
LP)+L(Q) -1 < L(P+Q) <0
are correct and tight.

Proof:
Knowine I.Lemma 12.2. the nroof exactlyv follows the nroof of Theorem 12.1.
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Figure 41: An illustration of the general counterexample given Theorem 12.3, with M = 7.

Theorem 12.3 Let P and Q be polytopes in R™. The trivial bounds
0< L(P+Q) < oo
are the tightest (best) bounds that can be found as a function of the value of L(P) + L(Q).

That is to say, if we only know the total number of integer lattice points in the two summands, then we
cannot make any non-trivial claims about the number of lattice points in the Minkowski sum. This result
may be counter to intuition, but the proof is illuminating.

Proof:

The proof given of Part 4 of Theorem 12.1 also applies here, and shows that there is no better upper
bound. Thus our task is to show that there is no better lower bound. We can see this by constructing a
general counterexample which takes summands with arbitrarily high total lattice volume and produce a sum
with zero lattice volume.

Example 12.3 Let P = conv((0,1), (0, M)) for any arbitrarily large M, and let Q = (3,0). We get

L(P)=M
LQ)=1
L(P+Q)=0

which serves as a counterexample.

This example is illustrated in Figure 41.
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Homework #Rob Seater
May 1, 2002

Problem #1:
Choose one of the following two statements, and prove it using the core definitions given in lecture. Both
are easy.

(a) The convex hull of a set of vectors is convex.

(b) Minkowski summation is associative.

Problem #2:
Let

(a) Find and label the vertices of the polygon P = Q + R.
(b) Verify that the edge sets of the summands match some sliced edge set of the sum.

(¢) Find a decomposition of P into indecomposables, which does not include Q.

Problem #3:
Use the decomposition algorithm described in class to find the decomposition of the following polygon:

W = conv({(0,0),(2,0),(2,2),(1,2),(0,1)})

Extra Credit: (This problem is worth more than required ones, but still probably is not worth your time)
Find the edge-summand weight matrix for W as defined in Problem #3.

Collaboration:
Name your collaborators. Name all collaborators who verbally berate you and all collaborators whom
you verbally berated.

I work in the Math Question Center on Tuesdays. My extension is x6191 (different than stated in the
student listing). I can usually be found in the Stokes basement computer lab (008). I sometimes go back
to my room (13b Comfort) when my professors aren’t keeping me busy enough. If you come to ask me
questions, I will try to get you to play xpilot with me, or any other computer game that isn’t my thesis. If
you are persistent enough, I will give up and actually help you.



